EXERCISES

Question NO : 1

Consider the problem
ou_
ot 0x?
IC :u(z,0) = sin(mx),0 < x <,
BC's : u(0,t) = 0,u(l,t) =0,t >0
1. Find explicit solution by method of separation of variables.
2. Apply Crank- Nicholson method and check stability and
consistency.

3. Compute numerical solution for different values of h and k.

ANSWER :



GIVEN:

% - % (0.0.1)
Assume that u(z,t) = X (x)T(t).
=ty = X Tty = X T, u; = XT where X' = 4X 7 = 4T
Then () becomes
XT=X'T
(ie) ; = XYH = k (independent of t and x)

Suppose k > 0.

Then the solution of the equations

X" = kX is given by

X(z) = creVkr 4 cyeVhe

Since u(0,t) = u(l,t) = 0. we get

2(0) = ¢; 4¢3 = 0 and X (1) = c;eV* + cpeVH =
= =cy = 0.

s X(x) =0.



= u(x,t) = 0.

.. The given problem has no solution if f # 0.
Take k = —\2,

Then the solution of the equation

X" = —)\%2X is given by

X (x) = ¢1 cos(Ax) + o sin(Ax).

X(0)=0=c¢=0
X() =0= cysin(A) =0
= AN=nm,n=12---

ékz?,nzlﬂ,---

X(r) =sin™*, n=12,---

Now, T = —\2T

= T(t) =e N

_ n2x2 t

=€

- t nwx

cSouz,t)=e B 'sinE 0 =1,2,---

The given problem is linear

.". The general form of the solution is



n2x? nmx
1) = A, 7 taig 7
u(x,);elsml,
Now, u(z,0) = sin(mz) , 0 <z <l
= sin(rx) =Y 7 A, sin
= A, = %fol sin(mx) sin 272 dx
Let fol sin(ma) sin 272 — 1
!
—Cos\Tmx) s nmx nm l cos nnT
= 1 |eeste) )Sm(T)h +om y e cos (1)
_—COS(ﬂI) . nrT 1 nr sin(mx) nrT ! nr l sin(mzx)
= I = —sm(T)O + T [ 2 COS(T)]O + T o
11 . ! .
= 1= | ()| 4 [ eos (4] fy S sin
- ‘ I
= ] = |z iy (2r) . + = [Sm(;w) oS (%)}0 + 722;22 I
= (1—7—5)1:0—0+ o [sin(rl)] -0
-~ [ = (=)™ n sin(wl)
l7r(1 — %;)
_ 2(=1)"n sin(wl)
= An= Ty
= 2(=1)"nsin(wl) 22, . nmx
u(m,t):z o fER— e 2 sin ——,

sin (

nmwx

l

)

nrx
l

)



Stability Using Crank Nicholson Method

U = Ugy
= witt =] (g — 20 g 4 (ufyy —2uf +uj )
k ) h? h?
(0.0.2)
Let u} = eiBih \n

Applying to (0.0.2) we have

e’i,@jh An+1_6i/8jh )\TL _ g (eiﬂ(]’+l)h/\n+1_Qeiﬁj'}?Q)\n-kl+6iﬁ(j—1)h)\n+1) _|_ (eiﬁ(j+1)h>\n_2€i[;j:)\n+eiﬂ(j—1)h)\n)

= A= 1= 5+ [ + e — 2]
= A —1=%L[A+1][2cos(8h) — 2|
= A—1=-2r]A+ 1][szn2(ﬁ—2h>]

= A1+ r[23m2(%)]] =1- 7’[232'712(%)]

1—r[2sin2 (B
= A - —T[ Sz.n2(52h)
1+r[2sin?(57)
1—(4vevalue)

= A= 1+ (+vevalue)



=[N <1Vr

Unconditionally Stable

Consistency Using Crank Nicholson Method

Let U be the exact solution of the equation u; = Uy,

Then Truncation error T = F}(U)

Lo urtt —ur _1[((];:31 — 20U + u;?j})Jr(U};l — 207 + Uj"_l)]
Tk 2 h? h?

n UT‘+1—U” n n n n
= T} =~ —glUE + U + (U + (UF) -
207 —2U7)]

1
T = o (U + U1+ @+ 20Up) = (U, + U ]+ (2 - 20)07))

By Taylor’s expansion

UZyy = U + 1)k, nk) =
— U (),

=

(ZE]' + h, tn>
h



UMt = U(jh, (n+1)k) = Uz, tn + k)

((5+h, (n+1
= U (18,4 0 (), ) vk (7 (59), e (5) +

). ) +§(h3(83’72), + 8 (55)  + 3k
J,n J,n J,m
(£) )
ozot? | .

nn

U = UG~ D (n+ DU x; — bty + k)

= U (<h ),k (), )+ (2 (29), + w7 (%) -

n+1 __
Uir =U

82
20k (25

+ 3hk?

7,n
= Ulzj+h,t,+k)

oxot

2nk (24) ) ~1 (h3 (%) +#(Z%) +3h%k
J,m J,m J,n

— 3Nk (

n+1
v/ =ur

=

= Ury + Ul

+1
= U +

— e (U7

— 2n2

92U
Oxot?

jvn)

_ (oU k (02U k2 (93U
= (%), +5(atz). +§(ats>. o
b jn jn

n+1 __
Uit =

_|_
3h2k LU ) Ok + O(hQ)}
7,n

2!

= —2lUf + ?(?)m + %

+U}Lff) + (U]’?_
e {l <h2227g> + % (h@,%{) - %<3h2k (8:):2615

2| + k()

ox20t

L+ (U) — 207 = 207)
33U

92U
0z20t | .
]7n

2U

U

))] +O(k) +O(h2)]



j?n
1 U 22 [ 94U
- (5 <3kax2at), + T(aafl). + )
J7n ]7n

= T/ = O(k) + O(h?)
When k = rh? , we have
T = O(k) and T7 = O(h?)

= T;,—~+ 0 as h— 0 and T;, — 0 as k— 0

System 1s unconditionally consistent

(iii)

Numerical solution



N A - _[ 7+1

u” 1 (ulh =20+l

j—1

(ufyy — 2uj +uj_y)

k 2 h?

= —ru?fll + (2+ QT’)U?H — ru?j:ll = (rujy, +(2=2r)uj + ruj

h?

]

)
(0.0.3)

When 29 =0 ,2y=1 ,h=004, k=001 , L=1 and T =1

we have |
r=0.625, J=25and N =100

((0.0.3))

—0.625u] "+ 3.25u7+1 —0.625u] ] =

Then becomes ,

Numerical Solutions

(0.625u, ,+ 0.75u” + 0.625u7_,)

x|t 0 0.001 0.002 0.099 0.1
0 0 0 0 0 0
0.04 0.12533 0.124103929 | 0.128886683 0.04723629 | 0.046772983
0.08 0.2486 0.246250666 | 0.2438359 0.093727635 | 0.092808327
0.92 | 0.248689887 | 0.24625066 | 0.2438359 0.093727635 | 0.092808327
0.96 | 0.1253333 | 0.124103929 | 0.122886683 0.04723629 | 0.046772983
1 0 0 0 0 0

RELATIVE ERROR = 0.0011
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Question No: 2

Consider the problem

ou 0%u

IC :u(z,0) =2* — 1,0 < z <,
. Ou _ _
B(C's : e 0n) = 0,u(l,t) =0,
1. Find explicit solution by method of separation of variables.
2. Apply Explicit scheme and check stability and

consistency.

3. Compute numerical solution for different values of h and k.

ANSWER :

(i)
Assume that u(z,t) = X (x)T(t).

= Uy = X T, gy = X T uy = XT where X' = 2 7 = 4L

dz



Then (0.0.4) becomes
XT=X"

(ie)

~

X//
=5 = k (independent of t and x)

NS

Suppose k > 0.

Then the solution of the equations

X" = kX is given by

X(z) = creVFe 4 cyeVhe

Since u,(0,t) = u(l,t) = 0. we get

X'(0)=¢; — ¢y =0 and X(I) = creV* 4 cpeVH =
= =cy = 0.

o X(x) =0.

= u(x,t) = 0.

.. The given problem has no solution if f # 0.
Take k = —\?,

Then the solution of the equation

X" =-NX

is given by



X(z) = ¢1 cos(Az) + cosin(Ax).

= X'(z) = ¢y cos(Ax) — ¢ sin(Ax)

u.(0,t) =0

= X'(0)=0

= 02(1) — 01(0) =0

=c=0

= X(z) = ¢ cos(Az)
u(l,t) =0

= X()=0

= cycos(ANl) =0

N o= ot

2

_ (Cn+)m
A= 21




Now, T = —\2T

= T(t) =e N

_ (2n+1)2%72 "
= e 412

_(2n+1)27r2t 2 1
sou(mt) =e cos ¢ "J;l)”, n=12---
| —Mﬁ @n+1)7x
Now, u(z,t) = > " A, e a7 cos-—%;

Now u(z,0) = 2% —1

2 _ 0 (2n+1)mx
=zt —1= )~ A, cos 5"

= A, = %fé(mz —1) cos —(2”;;)”dx

(ii)

Stability Using Van Neumann Method

U = Ugy
utt — u?y — 2u” 4 ut
= - e h; i) (0.0.5)

Let u;l = ¢iPh \n

Applying to eq (3) we have |,



ei,@(j+1)h)\n_QeiﬁjhAn_i_eiﬁ(jfl)h)\n)

ciBih \n+1 _ giBjh \n _ | -

= A — 1= (r)[eih 4 ¢=1ih 9]

)—2)

=>A—1= —4r[sin2(ﬁ—2h)]

= A—1=(r)(2cos(

N

=>A=1-— 4r[sin2(%)]
Now, condition for stability is |\ <1
When [N\ <1 , |1—dr[sin?(2)]] <1

= -1 < 1—47“52'712(%)

IA
—

= -2 < —drsin?(Z) < 0
= 0 < 4rsin?(2) < 2
= 0 < rein?(f) < 1L

Now Mazimum Value of sin® (%) occurs when sin*(%) = 1 (ie) 2 =

ISIE]

. . h
At that time TSZTLz(%) < % = r(l) < % = r S%
. Mazximum value that r can take so that system is stable is

1
2

System is conditionally Stable



Consistency

Let U be the exact solution of the equation u; = Uy,

Then Truncation error T = F}(U)

n+1 n n n n
N A vy -y _ Ui — 207 + Ui,

" : . (0.0.6)

Now , By Taylor’s expansion we have

AU B2 WU, WU
Ui = Uj' + h(%) + 5(@) + 5(@) + E(@) +--- (0.0.7)

oUu N h* 0*U h? o*U ht* U

U=t = o) + o)~ aitae) T ate)
(0.0.8)
oU k* 02U k> 90U K+ 0'U
n+l n e (= I — ((—
U= M) T G T atee) T o)
(0.0.9)
From (0.0.9) we have,
. Y 8_U+f(02_U)_k_2(83_U)+k_3(84_U)+...
k ot 200027 3otV Al ot
(0.0.10)
| From (0.0.7) and (0.0.8) we have,
vr., — 20" + U™ 0*U 2h% 0MU
J+1 J j- i e
2 = o T (G (0.011)



Substituting results in (8) and (9) into the expression (4) , then

gives

ou  0*U 1. (0*U 1 U 1 PU
Tin=|—=— = k| — - —n* | = —k? [ —
g (82& ax2>m+2 <at2>jm 12 <8x4>m+6 (at?))m
1 o°U
- p == e
360 ( 0xb ) in +
But U is the solution of the differential equation so

woFUy
ot ox? j’n_

Hence
Tin = O(k) + O(h?).
When k=7rh? 0<r <3, Tj,is O(k) or O(h?).

= T;,—+ 0 as h— 0 and T;, — 0 as k— 0

System 1s unconditionally consistent



(iii)

Numerical Solution

U;l+1 _ U;L o U;l+1 — QUJn + U;l—l
k - h?
Taking r = h—’g , we have
UMt = Uy + 1—20)Ur + rUL, (0.0.12)

when t=0 [(ie) j=0] , 5

ugtt = v + (1-20)U + rU™, (0.0.13)
By initial condition %(O,t) = 0 ,we have
ur-ur n n
1 oh 1 — O = Ul — U—l

Applying this result in eq (11) we have,
Ugtt = 2rU7 + (1 —2r)UY (0.0.14)

When 2o =0 ,2y =01 ,y0=0 ,ys=1 ,h=0.001, andk=
0.05

we have ,



r=04,J=20and N =100

Then eq (0.0.14)

becomes ,
Urtt = 0.8U" + 0.2U7
eq (0.0.12) becomes

U]ml = 04U}, + 02U} + 0.4U7

Then we get numerical solutions as,

Numerical Solutions

x|t 0 0.001 0.002 0.99 0.1
0 -1 -0.998 | -0.996 -0.80407 | -0.80217
0.05 | -0.9975 | -0.9955 | -0.9935 -0.80169 | -0.79979
0.1 | -0.99 | -0.988 | -0.986 -0.79457 | -0.79268
0.90 | -0.19 | -0.188 | -0.186 -0.12835 | -0.12799
0.95 | -0.0975 | -0.0955 | -0.0943 -0.64396 | -0.064217
1 0 0 0 0 0

RELATIVE ERROR = 1 x ¢™*

MAXIMUM ITERATION = 500




Graphs

analytical Solution

Numerical Solution




Question No: 3

Consider the problem

Pu Pu

—=— 0O<z<l 0.0.15

otz Ox? v ( )
I1C : u(x,0) = %sinﬂx,%(w) =0,0<z<1,

BC’s :u(0,t) = 0,u(l,t) =0,t >0

1. Derive the analytical solution U = ésimrx.coswt and compare

it with numerical solutions at several points

2. Use explicit finite dif ference formulaand acentral — dif ference approach fo
derivative condition to calculate a solution for x=0(0.1)1 and

£=0(0.1)(0.5)

ANSWER :

(i)
GIVEN:

ou_ o
o2 Ox2



Assume that u(z,t) = X (x)T(t).
= Uy = X T gy = X Toup = XT uy = XT' where X' =

dX 7 _ dT
ol =G

Then (0.0.15) becomes

XTI/ _ X//T

T X .
(ie) =% = k (independent of t and x)

Suppose k > 0.

Then the solution of the equations

X" = kX is given by

X(z) = creVkr 4 cye Ve

Since u(0,t) = u(l,t) = 0. we get

2(0) = ¢; 4¢3 = 0 and X (1) = c1eV* + cpeVH =
= =cy = 0.

2. X(z)=0.

= u(x,t) = 0.

.". The given problem has no solution if f # 0.
Take k = —\?,

Then the solution of the equation



"

X" = —\?X is given by
X(x) = ¢q cos(Ax) + cosin(Az).
X0)=0=c¢=0
X(1) =0= cysin(A) =0
=>A=nm,n=12,---

:>)\:n77r,n:1,2,---

. X(x) =cysinnmrz, n=1,2,---

Now, T" = —\°T

= T(t) = cgcosnmt + cysin nwt.

cou(z,t) = cosinnmxfcg cosnwt + ey sinnnt], n=1,2,---
The given problem is linear

.. The general form of the solution is

u(z,t) = Z[A” sinnmx cos nwt + B, sin nwx sin nrt], (0.0.16)
n=1
= u(x,t) = Z[An sin nma(—sinnnt) + B, sin nwx cos nwt][nx],
n=1

(0.0.17)
Now, Applying us(x,0) =0in (0.0.17) , we get

Yoo [Ansinnrz(0) + B, sinnrz(l)]nr] = 0



= Bysinnmznt] = 0 V n
=B, = 0 Vn

Applying this in eq (11), we get

u(z,t) = Z[An sin nmx(cos nrt)] (0.0.18)

n=1

Applying boundary condition u(z,0) = § sinwz in eq (13) we get,

Yo [Ansinnrz] = %sin T
2 [t
= A, = T / 3 sin(mz) sin(nrx) dx (0.0.19)
0

Let fol sin(mx) sinnrr =1

1
= | = [%(mﬁ) sin (’[’L’ﬂ']})i| + nm fl COSWME COS (TL?TZL’)
0
[ —cos(rx) 11 sin(mx) ! 1 sin(rx)
= I = |=2™gin(nrz)| + nw [Tg cos (mrx)} + nr o [y ¥F sin (nm)
L 10 0
[ —cos(mz) . 1t sin(mwx) ! 2_9 1 sin(wz)
= [ = |—sin(nrx)| + nn [ —3 COS (mrx)] + n*r? [ *z— sin (nmx)
L 10 0
[ —cos(r) " (r2) b e
= [ = |=“™sin(nmz)| + nm [Smw;m cos (nmz)] + 5 1
L 40 0

= (1 —n*)I =0 — 0+ L [sin(mr)] —0

_ (=D" n sin(m)
= 1 = =a _$n2)
2(—1)"n sin(xl)

(1l — n2)

= A, =



= A, =0V values of n except n = 1 (2 form)
When n=1 , we have

A =2 fol ssin(mz) . sin(rz) do

= A =1 folSiHQﬂ'iL‘ dx
S A= fe)
= Ay = [z - 22
= A =5[1-0-0+0
= A =3

Applying this result in eq (15) we get

u(x,t) = §sinmr(cosmt)

(ii)

Numerical Solution



Given that

Ut = Ugg
n+1 n n—1 n n n
wl = 2u” " (u?, ; —2u? +ul )
j g g _ M4l J Jj—1
- > = = (0.0.20)
Taking r = k/h we have,
with = i+ 20—+ oty — g (0.0.21)
when n=0 we have,
wj =l + 200 =+ ot — oupt (0.0.22)
ou _
1\IOW7 %(O,t) =0
ul.—u.il
= 5= =0
= uj = uj_l

Applying this result in eq (0.0.22) we have

1
wp = gl + 20 =+t ] (0.0.23)

When 2o =0 ,2y=1,h=10.04, 5 =0001, L=1and T =0.1

we have , r =6.25 x e % J=25and N =100



Based on the eq

(0.0.23)

and eq

(0.0.21)

we have the following numerical solutions

x 0 0.001 0.002 0.099 0.1

0 0 0 0 0 0
0.04 | 0.0156666542 | 0.0156666541 | 0.015666654 0.0156661812 | 0.0156661716
0.08 | 0.0310862359 | 0.0310862358 | 0.0310862355 0.0310852974 | 0.0310852784
0.88 | 0.0460155691 | 0.0460155689 | 0.0460155685 0.0460141799 | 0.0460141517
0.92 | 0.0310862359 | 0.0310862358 | 0.0310862355 0.0310852974 | 0.0310852784
0.96 | 0.0156666542 | 0.0156666541 | 0.015666654 0.0156661812 | 0.0156661716
1 0 0 0 0 0

RELATIVE ERROR = 4.931 xe 04
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Question No: 4

Consider the problem

Pu 0%
w:a@ R 0<13<l
x , 0 <z < i 2w
10 u(w,0) = {7 " 1100 L B =0. 0 <@ <

BC’s : u(0,t) = 0,u(l,t) =0,t >0
. Find explicit solution by method of separation of variables.

2. Apply Crank- Nicholson method and check stability and

consistency.

3. Compute numerical solution for different values of t by taking

ANSWER :

GIVEN:



Pu  ,0%u
oz~ " 9a2
Assume that u(z,t) = X (x)T(t).
= Uy = X T uge = X Toup = XT uy = XT' where X' =
wT =

Then eq (10) becomes

XT" =a?X'T
‘ T// X// ‘
(ie) AT x = k (independent of t and x)

Suppose k > 0.

Then the solution of the equations

X" = kX is given by

X(z) = creVFe 4 cyeVhe

Since u(0,t) = u(l,t) = 0. we get

2(0) = ¢1 4¢3 = 0 and X (1) = creV* 4 cpeVH = 0
=1 =cy=0.

o X(x) =0.

= u(x,t) = 0.

.. The given problem has no solution if f # 0.



Take k = —)\2,
Then the solution of the equation
X" = —X\2X is given by

X(z) = ¢1 cos(Az) + cosin(Ax).

X0)=0=0¢=0
X(1) =0= cosin(Al) =0
= NM=nmt,n=12,---

:>/\:?,n:1,2,---

" X(z) =cpsin™E, n=1,2,---

Now, T" = —a®\°T

= T'(t) = c3cos "Z4 + ¢ sin 22

nmzt

+eqsin 2% =1,2, -

u(z,t) = cgsin 2% 3 cos ;

l

The given problem is linear

*. The general form of the solution is

o

t
u(l’,t) = Z[An Sinnlﬂco nﬂl-a + B Sln n?-x Si nﬂl'a ]’

n=1

o0
nmwT nmat. nma

t
:>ut(x,t):Z[Ansinnlﬂ(—sinm;a )+ By, sin T cos — i l ],

n=1



Now, Applying u;(x,0) = 0 in eq (12), we get
Yo [Ansin 27E(0) + B, sin ME(1)][2F] = 0
= B,sin 7= = 0 V n

l

=B, = 0 Vn

Applying this in eq (11), we get

nmwx nmat

u(w,t) = Z[A” sin T(cos 7 )]

Applying boundary condition u(x,0) = f(z) in eq (13) we get,

220:1[1471 sin %] = f(z)

!
2 2 io(nTT l
H zsin(PE)dz, 0 < z < 5
= An - {l fO t 2 }

2 [1( - 2)sin(* )z, L <<
2

~In

L — cos(72 sin( 2L é
Ji wsin(ME)dr = %{x( ot > + <(M>L2>:|

~I
I~
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o~~~
|
8
SN—
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QL
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Stability Using Crank Nicholson Method

Given that

2

U = A" Ugy
n+1 n—1
Tt =2 - u” a?
J J J _ n+1 n+1 n+1 n—1 n—1 n—1
= 12 = o [(uiy =203+ i) + (ufy —2uf™ '+ ufy)]
(0.0.24)
Let uj = ePit = ak —

Applying to  (0.0.24) we have
ei[o’jh /\n+1 _26i[3jh )\n+6i,3jh )\n—l — %2 [(eiﬂ(j+1)h/\n+l _QeiﬁjhAn—&-l+€iﬁ(j—l)h)\n+l)

+ (eiﬁ(jﬂ)h)\nq _ 9¢iBihyn—1 4 ei,@(jfl)h/\nflﬂ



Dividing by e" \" | we have

A -2+ 3

P c o eiBih y e—iBjh _o

= A =2+ 4 = 2 [\(eos(p) — 1)+ LBl

= A2 — 2\ + 1 = A2 (=2u%sin® (D)) +  (—2psin(D))

= M (1 +2u23in2(5—;)) - 22 + (1 +2u25m2(5—2h))

—(=2) £ /(=22-4(1 + 22sin2 )2

- A= 2(1 + 2u2sin2 )

oy = L= 2i\/(1 + p2sin? 20 ( p2sin? B)
2(1 + 2u2sin28l))

= N =1

Hence System is Unconditionally Stable.



Consistency Using Crank Nicholson Method

Let U be the exact solution of the equation uy = Uy,
Then Truncation error Tp = FP(U)

n+1 n n—1
Ut —2up 4+ U a2

n . n+l n+1 n+1 n—1 n—1 n—1
= 1 12 oz LU =207 + U) + (U = 2077 + U]
n+1 n n—1 +1 +1 -1 -1 +1 —1
I O e L (Urt yurt )+ (Ut o) —2uptt —2ur
i = k2 2h2

By Taylor’s expansion

U= = U(jh, (n — 1)k) = Ulzj, b, — k)
Uk (), () S5 () b

n+1 n—1 n k2 {62 k4 [ o4
= (U7 + U7 ZQ(Uj + i(%)m + z(wg%n*“)

n+1 n n—1
L, Uty :(82,]

k2
By Taylor’s expansion
Url = UG+ Dh, (n+1)k) = Ulx; + hyt, + k)

n 2 2
= U (b (), (3),.) 4 (12 (55) 4 (58), +



ok (25) )+ (10 (5%) +00 (59) ok (485)

+ 3hk2 (85}561&2)%71) e

UMl =U((j — Dh,(n+1)k) = Ulz; —

= Uy ( R (),

By Taylor’s expansion

Uy =U((G+Dh,(n—1k) = Ulxj+ h,t, —k)

— Uyt (h (
(1) )

ou

ox

)

+§(h3(

—k (%

2
+ 3hk? (gg;)jn)
G = U= D010 = Vet~

= Uﬁ+(—h<%§>m—k<a—v

ohk (ggt) )—
e (), ) -

ou
ot

ox3

Do)+ (1 (58),, o2 (58),,-

83 3
U) . k? (%g) o 3h%k <8 Q%t)
Jn Jin Jim




= U+ U

(H(?g%n+3ﬁk(§?

(U + U +(UpS + U 207 =207 =

2 (U P+ )+ (Ul Uy ) -0y —aup !

=2( - e, (e

>)+>

n+1 n—1
U7 =207+U;

2h?

—a2<%g>ml + O(h?)

)

U 92
W) +k2<wlzj>.) -
imn 7sn

) )

2(2022%)  + o)

+1 +1 -1 —1 +1 —1
Y i R s mac o o

n __
> Ty =

2h?

— ((%g)ML_wﬁ(%g%m> + O(K?) + O(h?)

Since U is the exact solution o

J

= Tj,— 0 as

System s

(iii)

02U 2 9°U
f oz 4 G T 0

r = O(k*) + O(h?)

h— 0 and Tj, — 0 as k— 0

unconditionally consistent



Numerical Solution



Question No: 5

Consider the problem ;\yu =0on 0 <x <a,0 <y <b
uwz,0) = 2,0 < 2z < a

uw0,y) = 0,0 <y < b

u(z,b) = 22,0 < x < a

u(a,y) = 0,0 <y < b

1. Find explicit solution by method of Seperation of Variables

2. Discretize and Find Numerical Solution

ANSWER :

(i)
GIVEN:

*u O%*u

Assume that u(z,t) = X (2)Y (y).

= Uy, = X Yiuy,, = X Yu, = XY wuy = XY where X' =



dX v _ dY
Y =G

Then eq (10) becomes

XY'"+X"y =0

_Y// X
(ie) ~V =% = k (independent of x and y)

"

Suppose k > 0.

Then the solution of the equations

X" = kX is given by

X(z) = c1eVF 4 cyeVhe

Since u(o,y) = u(a,y) = 0. we get

z(0) =c¢; + ¢ =0 and X(a) = crevVke 4 cemVhe —
= =c = 0.

s X(x) =0.

= u(z,y) = 0.

.. The given problem has no solution if f # 0.
Take k = —\?,

Then the solution of the equation

X" = —X\2X is given by



X(z) = ¢1 cos(Az) + cosin(Ax).

X0)=0=0¢=0
X(l) =0= cysin(ra) =0
= Xa=nm,n=12---

A= =12
a

L X(z) =cysin™E n=1,2,---

Now, V' = — — \?Y

nnt

= Y(y) =csea +cue”a

nmwy

T]’ n:172’...

cou(r,y) = cosin M2 [cze"a + che”

The given problem is linear

.. The general form of the solution is

= . ML nx . AT _nmy
u(z,y) = ;[Ansm —e « + B, sin ——¢ 1,
Now u(z,0) = = Y " [A, + B,]sin®™* = g
= A, + B, = 2 [lasin("2)ds

nwb nwb

Now u(z.b) = a% = T30, A" + B sin 2t =

a

nmb _nmb _ 2 a 2 .3 nnx
= Ape’s + Bpe s = 2 [Fa?sin(M2)dx

a

A, and B, can be found using Fourier Integrals



(ii)

Numerical solution

GIVEN:

Vu=0,0<x<a

ie giy’; + % = 0
u — 2u” ! u — 2u +ul
>t (s e )y (0.0.26)

When 2o =0 ,2y=1 ,9=0 ,yy =1 ,h=0.05, andk =10.05
we have ,
r=20, J=20and N =20
Since k=h=0.05, eq  (0.0.29) becomes,
n+1

n n—1 n n —

then we get numerical solutions as,



Numerical Solutions

x|t |0 0.05 0.1 0.95 1
0 [0 0.05 0.1 0.95 1
0.05 | 0] 0.0467712745 | 0.0934777359 0.452184948 | O
0.1 | 0|0.0435997148 | 0.0870728323 0.2567498404 | 0
0.90 | 0 | 0.0131548311 | 0.0276350163 0.2263025108
0.95 | 0 | 0.0090347859 | 0.0204750973 0.4144498663

0.0025

0.01

0.9025

RELATIVE ERROR =1 x ¢4

MAXIMUM ITERATION = 500




Graphs

analytical Solution

Numerical Solution




Question No: 6

Consider the problem ;\yu=—-1on0 <x <a,0 <y <b
uw(z,0) = 0,0 <z < a

uw0,y) = 0,0 <y < b

u(z,b) = 0,0 <z < a

u(a,y) = 0,0 <y < b

1. Find explicit solution by method of Seperation of Variables

2. Discretize and Find Numerical Solution

ANSWER :



If we take

u(z,y) = S(z) + v(x,y) (0.0.27)

where v(x,y) satisfies Laplace equation ,
() ()~
Since u” = —1
S" 4+ W =-1
But, v” = 0, Since v satisfies laplace equation
s8 =1
Now u(0,¢) = 0 = 5(0)=0
Similarly, u(l,t) = 0 = S({() =0
we have
S"=—-1,5(0)=0,5()=0
NOWS”:—1:>S:—§ + Bz + C where B and C are

unknown constants

S0)=0=-C+B0)+C=0 = C=0=S5=-2 + Bz

12

SI)=0=-% + Bl=0=B=-L=S@)=%(1-1%).
Now u(z,0) = 0 = S(z) + v(x,0)=0

Similarly, u(z,l) = 0 = S(zx) + ov(z,l)=0



we have
v@,0) = v@)= — S@) = — 51-2).
Hence,
The function ”"v” satisfies the Laplace equation
92 92
v v 0

R + - =
Oz~ dy? (0.0.28)
v(z,0) =v(x,ly) = —

VIR
8

Assume that v(z,y) = X ()Y (y).

= v, = XY,v,, = X Y,u, = XY v, = XY where X' =

X v _ dy
dx’Y T dy

Then eq (10) becomes
XY'+X'Y =0

(te) ——— = — =k (independent of x and y)

Suppose k > 0.

Then the solution of the equations
X" = kX is given by

X(z) = c1eVF 4 cyeVhe

Since v(o,y) = v(a,y) = 0. we get



2(0) = ¢1 4¢3 = 0 and X (a) = c1e¥F + ceVhe =
=1 =cy=0.

. X(z)=0.

= v(x,y) = 0.

.. The given problem has no solution if f # 0.

Take k = —\2,

Then the solution of the equation

"

X" = —X2X is given by

X(z) = ¢1 cos(Az) + cosin(Ax).

X(0)=0=¢; =0

X (1) =0= cosin(Al) =0
= AN=nm,n=12,---
:>/\:?,n:1,2,~-

" X(7) =cpsin™E, n=1,2,---

Now, T" = — = \2T

nmt

= T(t) = cse™T + cae™ T

cou(z,t) = egsin "lﬂ[c;;enTﬂ + 046’%], n=1,2---

= v(x,t) = cpsin 272 [05 (%) + ¢ (e



= v(z,t) = cysin = [c5 (cosh 27¥)  + g (sinh 27) ]
The given problem is linear
*. The general form of the solution is

Z (an Cosh —= —|— b,, sinh %) sin #

n=1

[19]
using the BCs, we have
51— 3) = 2l ansin 5=

—Z(1—2) =3 (ancosh ™ + b, sinh %) sin 27~

Also we have

9 [l
ancoshT+b sin h@:—j/ E(l x)sm@dm
0

wherefrom it follows that

472 [ 1—cosh “T¥ .
[ — n3w3 < sinh%yl , n=1,3,5,---
n = ]

0, n=24,6,




The solution of eq [19] is of the form

_42 X2, sin (—(%TWC)

3 . (2n—1)xl
T =i sinh (fl)

(Sinh (2n—Dmy @0 =Dl — y))

v(z,y) = z l

.. The solution of the given problem is

u(z,y) = S(z) + v(z,y)

- 2n—1)mwx
r, x. —42 & 3111(( z) >

3 : (2n—1)ml
n—1 sinh (%)

. @Cn—=Dmy . 2n—1D7r(ly —y)
<smh — + sinh ; )



(ii)

Numerical solution

GIVEN:
vu=-—1
e % + 327’; = -1

I A 2;? I U 2:2? ) L (0029)
When 2o =0 ,2y=1 ,9=0 ,yy =1 ,h=0.05, andk =0.05
we have |

J =20 and N = 20
Since k=h=0.05, eq  (0.0.29) becomes,
= —0.0025

n+1 n n—1 n n
A L e

Uj

then we get numerical solutions as,

Numerical Solutions



x|t |0 0.05 0.1 0.95 1

0 [0 0 0 0 0
0.05 | 0| 0.0041915863 0.007139 0.0071803509 | 0.0042151709
01 |0 0.007139 0.0125455258 0.0126262426 | 0.0071850363
0.90 0.0071803509 | 0.0126262426 0.0126931092 | 0.0072184781
0.95 0.0042151709 | 0.0071850363 0.0072184781 | 0.0042342391

0

0.01

0

0

RELATIVE ERROR = 1 x ¢4

MAXIMUM ITERATION = 500




Graphs

analytical Solution

Numerical Solution







